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Propagation characteristics of electromagnetic (EM) waves in partially ionized
plasma slabs are studied in this paper. Such features are significant to applications
in plasma antennas, blackout of re-entry flying vehicles, wave energy injection to
plasmas, and etc. We in this paper developed a theoretical model of EM wave
propagation perpendicular to a plasma slab with a one-dimensional density inho-
mogeneity along propagation direction to investigate essential characteristics of EM
wave propagation in nonuniform plasmas. Particularly, the EM wave propagation
in sub-wavelength plasma slabs, where the geometric optics approximation fails, is
studied and in comparison with thicker slabs where the geometric optics approxi-
mation applies. The influences of both plasma and collisional frequencies, as well
as the width of the plasma slab, on the EM wave propagation characteristics are
discussed. The results can help the further understanding of propagation behaviours
of EM waves in nonuniform plasma, and applications of the interactions between
EM waves and plasmas. © 2016 Author(s). All article content, except where oth-
erwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http:/lcreativecommons.org/licenses/by/4.0/). [http://dx.doi.org/10.1063/1.4950772]

I. INTRODUCTION

Partially ionized plasma layers are commonly formed in many artificially applied or naturally
generated processes, such as plasma antennas, reentry plasma sheaths of spacecraft, and etc.'?
Characterized by non-uniformity of plasma distributions, a high number density of neutral particles,
a broad frequency range of electron-neutral collisions, the partially ionized plasma slabs have been
studied extensively, for radio-frequency (1f) wave communication and control, material processing,
and other applications.>~'? Especially, the interaction between partially ionized plasmas and electro-
magnetic (EM) waves becomes a key issue not only in the fundamental studies, but also in the prac-
tical applications.''~!* Take communication and control during spacecraft reentry for example, as to
the case with a highly nonuniform plasma layer covering the vehicle, understanding of the interac-
tion between EM waves and such typical plasmas is crucial to performance reliable communication,
and extensively investigated. For example, Swift and Evans studied the propagation characteristics
of the planar EM waves in inhomogeneous plasmas by a numerical integration method.'* Gregoire
et al. derived the basic formula of electromagnetic wave propagation in non-magnetized plasmas.'>
M. Laroussi studied the refractive index, attenuation coefficient, skin depth and phase coeflicient of
microwaves by a nonuniform atmospheric pressure plasma slab, and their functional dependence on
the plasma density, electromagnetic wave frequency and incidence angle is discussed.'®'® It was
then found that the EM waves were greatly influenced by the plasma number density, the collisional
frequency, and the electron distributions in the plasma slabs.
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Nevertheless, the width of blackout plasma sheaths covering the flying vehicle is usually on
the same order of or even shorter than the wavelength of rf waves applied. In this case then, the
rf EM waves propagate in a sub-wavelength regime, where the propagation characteristics should
be significantly different from that in the geometric optics regime.'” Thus, WKB methods used
previously for EM wave propagations in plasma layers®»?! are not applicable for such cases. On
the other hand, many earlier studies on plasma layers simply treated them as constant dielectric
media,’?>> and thus inhomogeneity of the plasma distribution was ignored. However, the actual
plasma layers are not only dispersive, but also highly nonuniform and even highly dissipative, much
more complicated than the uniform dielectric medium.?®

Guided by previous researches and taking the sub-wavelength property into account, we in
this paper develop a physical model and corresponding differential thin layer method to investigate
the EM wave propagation characteristics in nonuniform sub-wavelength plasma slabs with a broad
range of collision frequencies. The results will be helpful for deep understanding of the interaction
behaviors between EM waves and the nonuniform plasma slabs.

The layout of the paper is as follows. The model is described in Sec. II, and the numerical
results are shown in the section followed. With further discussions, the paper is then summarized in
Sec. IV by concluding remarks.

Il. MODELING DESCRIPTION

To focus on essential features of EM wave propagation in a thin layer of the partially ionized
and unmagnetized plasma, and based on the fact that the width of the thin layer is much less than the
length scale in the other directions, we in this paper use a plasma slab model, extending infinitely
on the (y, z)-plane and varying only in the x-direction with a width of d. The incident EM wave
also propagates in the x-direction, i.e., k = k%, to simplify the problem to a one-dimensional (1D)
model, and polarizes in the y-direction to make it a planar wave. The equations of EM fields can be
written as

B

(Z'Tt:_CVXE’ )
OE
VxB=dn)+ 2 2
cV x nJ + o (2)
to get
2

—V><(V><E)=47T6J 1 0°E 3)

-+ =—.
c¢? 0t 2 or?
The equation for the electron motion in the unmagnetized and partially ionized plasma in the linear
wave approximation has a form of

ou,

nemew ~ —n.eE — v, n.meu,. “4)

where the last term on the right-hand-side (RHS) of (4) is caused heavily electron- neutral collisions
in the partially ionized plasma with v,,, is the corresponding collision frequency. The current density
can then be obtained as

J = njeu; — n.eu, ~ —n.eu,. 5)

Substituting (4) into (5), we get
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where wq is the angular frequency of the incident EM wave, and the plasma frequency wp,
= (4nn.e*/m.)>

To solve the equations, we represent the EM wave as E(x,1) = §E(x,t)e'“0" where E(x,1) is
the amplitude of the EM wave varying slowly with time due to the dissipation and damping effects
when propagating in the plasma. Because of the slowly temporal variation, the high order time
derivative terms are neglected. Thus we can obtain

g 0 1 ne(f)
— + —=+ =1~

[lﬁ‘r 2082 2 ( 1+i
where the normalized spatial and temporal variables T = wot and & = kox = wox/c respectively,
Ven = Ven/wo, and (&) = n.(&)/ne = (Z)ﬁe = (wpe/wp)? is the critical density of the plasma, with
ne = mew§/47re2. Eq. (8) is a normalized Schrédinger equation, and its property can be a subject
of other works. We in this paper however concentrate only on its steady state solution. Then the

steady-state equation is written
& fe(§)
— +|1- E

[dfz * ( 1+iv, (&)= ©)

In the geometrical optics regime, we can apply the WKB method to easily solve Eq. (9). In the
sub-wavelength regime, however, the WKB approximation is not valid anymore. One then has to
solve the equation by directly integrating it along & to get a full wave solution. However, to simplify
the process, we in this paper introduce a differential thin layer method to solve Eq. (9).

Dividing the plasma slab into a number of thin layer that is much thinner than the wavelength of
the incident EM wave, A, and the typical length scale of the plasma, say, L,, = 7i./(07i./0&), then in
the m-th layer, 7i.(£) ~ fi.(¢,,) = const., and

)] E¢,71)=0, ®)

EEn1) ~ E(En)e™Emim = E0)e [ [N (10)
=0
where, N(¢) = k + iK, and ¢ is the initial phase of the EM wave at & = 0. We thus derive
ﬁe(f) ﬁe(f) ﬁe(f)ﬂen .
N =1-—22=1- + =A+iB 11
©) 1+ iV T+ Ve : (in
1/2
1/2
k(&) = —[ (A% + A]
\/_
© \2 (@7 @) ]
1 _ne§ +ne§ven (g = Fels ’ (12)
\/_ 1+ v2 1+ 92 1+ 92,
1/2
K(&)= — [ (A2+ B A]

) N 3 1/2

1 [((1 i ne(f)) . (ne@)fen)) (- -
V2 1+ 72, 1+ 92, 1+ 92,

with k(&) represents the propagation and K (&) represents the dumping.

To make the solution converged, we take the number of layers used in this study as 150 and the
corresponding layer width is then d/150. Convergence study is taken and the relative error of the
simulation results is calculated. It is found that the relative error decays exponentially as the number
of differential thin layers rises. For the layer number reaches 150, the error is calculated less than 1%.

The typical profile shape of the plasma number density applied in this paper is shown in Fig. 1,
where the width of the plasma slab, d = 5A, is used as an example. The plasma density in such
profiles increases parabolicly from zero to the maximum ng at the middle width of the slab, and then
remains constant. The corresponding plasma frequency at the flatten top is written

wpeO = wpe MAX — (nO/n )1/2 ~(1)/2' (]4)
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5.0

Number density ( x 10' m3)

FIG. 1. Diagram of the typical plasma number density profiles.

lll. RESULTS AND DISCUSSIONS

In the sub-wavelength regime interested, the width of the slab is on the order of the EM
wavelength scale or thinner, thus geometrical optics approximation is not applicable. Fortunately,
the physical model established in this paper can be used for both sub-wavelength and geometrical
optics regimes. Based on the model described above, the overall distribution of the amplitude of the
EM wave (Agym) can be obtained, where Agy is normalized by the initial EM wave amplitude (Ay).

Similar to the tunnel effect in quantum mechanics, an EM wave penetrates a sub-wavelength
plasma layer has both theoretical significance and substantial applications in rf communications,
blackout mitigation, and nano-scale optics of visible lights. Figure 2 shows an example of the
amplitude of the EM wave changing with both @y and Ve, in two typical widths of the plasma slabs
(d = 0.5\ and d = 2)). It can be seen from the figure that the overall wave amplitude distribution
in the plasma slabs with different widths are similar. However, the minimal amplitude of the EM
wave decreases obviously with increasing the width of the plasma slabs. If Agy > 1/e (e = 2.718)
is applied as a criterion for the effective penetration of the EM wave into the plasma slabs, Fig. 2
shows that the EM wave effectively penetrates the slab for all parameter domain of @0 and 7,
enclosed by the bold black dash lines in Fig 2(c) for the thinner slab of d = 0.5\. On the other
hand, to the thicker slab of d = 2A, the domain bounded by the bold black dash lines in Fig. 2(d) is
smaller.

We then study the wave penetration into the plasma slab in details for specific cases. To show
the penetration, the amplitude of the EM wave (Agy) in the plasma slab (d = 51) in different
collision regimes, with ¥,, = 0.001 in (a) and ¥,, = 1.8 in (b), is presented in Figure 3. In the weak
collision regime of Fig. 3(a), as indicated in Fig 2, the turning point of the Ag,, curve is near the
critical point of x = x. where @p, = 1, i.e., the plasma number density is equal to the critical density
n.. After the turning point, Agy decreases sharply as the plasma number density gets over n..
Nevertheless, in the strong collision regime of Fig. 3(b), the wave amplitude Agy varies smoothly
without a clear turning point.

We then further discuss the effect of crucial parameters of @,.0 and ¥.,. The influence of
the normalized collisional frequency (@pe0) on the amplitude of the EM wave (Agm), with several
typical normalized plasma frequencies (7,,), is shown in Fig. 4(a). On the other hand, the influence
of the normalized collisional frequency (¥.,) on the amplitude of the EM wave (Agm), with several
typical normalized plasma frequencies (@p.0), is seen in Fig. 4(b). It is revealed in Fig. 4(a) that
in the regime of weak collision, Agy falls rapidly when the normalized plasma frequency (@peo)
is greater than 1, i.e., in the flatten region the plasma is dense, ny > n.. And the weaker the colli-
sion frequency is, the sharper Agy falls in this dense regime. On the other hand, in the strongly
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FIG. 2. The amplitude of the EM wave (Agm) Vs. @ peo and V., with (a) and (c) for d=0.5X, and (b) and (d) for d =2k; in
(c) and (d), the penetration regime is bounded by the dash lines.

collisional regime, the EM wave amplitude (Agy) decreases gradually as the normalized plasma
frequency (@p.o) rises. Nevertheless Agy is still notable even if the normalized plasma frequency
(@peo) reaches a level as high as 1.8, i.e., the plasma is overdense. Figure 4(b) shows that in
the dense regimeAgy varies monotonously as the collision gets stronger (@peo > 1, np > n.), but
nonmonotonously in the low-density regime (&,.0 < 1, ng < n.). However, in both regimes, Agm
increases with ¥,, monotonically when 7., > 1. In other words, the strong collision (7., > 1) helps
the transmission of the EM wave in the sub-wavelength plasma slab. It can be understood by the
propagation property of the wave, the wavevector, of which the magnitude k = k(&) is given by
Eq. (12). In the parameter regime of Fig. 4(b), clearly k = k(¢) is monotonously rises with the
collision frequency.

The effect of the density profile shape on the propagation feature of EM waves is further
investigated in Fig. 5.

1.0

0.8

0.6

IS
ne/ng

0 05 1.0 1.5 20 25 30 35 4.0 45 5.0 0 05 1.0 15 20 25 3.0 35 4.0 45 5.0
x/h x/h

FIG. 3. The wave amplitude in various plasma slabs of different collision regimes, with (a) V., = 0.001, and (b) V., = 1.8.
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FIG. 4. Representative cases of the wave amplitude (Agm) vs. (2) Dpe, and (b) V.

In Fig. 5(a) the plasma density ramps up from zero to ng > n. parabolicly. And in 5(b) and
5(c), it rises to ng > n. and ny = n, respectively and remains at the level to form a flatten region.

In Fig. 5(d) and 5(e) however, the plasma density profile is parabolicly symmetric about its center
x = 0.5d with a maximum of ny > n, and ng = n, respectively. Thus, there are two profiles with
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FIG. 5. The variation of Agy for different plasma profiles in the weak collision regime.

a dense region, two profiles with a critical region (one of them is a point), and a low density
profile. The dash dot curve (green) describes the profile shapes, and the solid (blue) shows the wave
amplitude Agy as propagating into the plasma slabs, while the dashed (red) is the spatial variation
of Agm, 0Agm/0x. It is found that, in the weak collision regime with v,, = 0.001, Agy decreases
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sharply as the plasma density goes beyond 7., no matter in which kind of the plasma profile type.
If the maximum plasma number density (ng) is equal to n., the maximum reflection/absorption is
located at the critical point. However, if the maximum plasma number density (n) is higher than
n., the maximum reflection/absorption is moved to a higher density spot between the critical point
and where the plasma number density just reaches ny. For the density profile discussed in this paper
with a ramp at the EM wave incident side, the wave is not reflected directly without getting into the
plasma slab. In fact, even in the weak collision regime, the EM wave is able to get into the overdense
plasma slab in a scale on the order of the skin depth (~c/we0), and then reflected if d is much
thicker than the skin depth. By the penetrated wave energy, one can calculate the energy reflection
and absorption.

IV. CONCLUDING REMARKS

The propagation characteristics of EM waves propagating vertically to a partially ionized
nonuniform plasma slab are investigated by a theoretical model solved by a differential thin layer
method numerically in this paper. The influences of the plasma and the collision frequencies on the
amplitudes of the EM waves are discussed, for plasma slabs with various shapes and width of the
density profile. The main results are as follows:

(1) For plasma slabs with different widths but similar profile shapes of the density distribution,
the minimal amplitude of the transmitted EM wave decreases as the plasma slab width increases.
Thus the effective EM wave penetration region in the parameter domain of @p.o(= ﬁ(l)/ 2) and V,,, for
the thinner plasma slab, is much larger than that for the wider plasma slab.

(2) In the weak collision regime, the EM wave amplitude Agy falls rapidly when the plasma
density goes beyond the level of the critical density (n., > n.). Nevertheless in the strong collision
regime, the amplitude of the EM wave decreases gradually as the normalized plasma frequency (i.e.,
the square root of the normalized plasma density) increases, and the amplitude of Agy is substantial
even if for n, > n. (Wpe > wy).

(3) As the collision gets stronger, the wave amplitude Agy; varies monotonously in the dense
regime (Wpeo > 1, ng > n¢), but nonmonotonously in the low density regime (Dpe0 < 1, 19 < 1¢).

(4) For various density profiles, we find that if the maximum plasma number density (ng) is
equal to n., the maximum reflection/absorption is located at the critical point; if the maximum
plasma number density (ng) is higher than n., the maximum reflection/absorption is moved to a
higher density spot between the critical point and where the plasma number density just reaches ny.

The results outline the propagation characteristics of EM waves in the plasma slabs, and show
a successful application of the model and the differential thin layer method developed in this paper.
The model and the method can also be generalized and applied for further study on the EM wave
propagation in different kinds of geometry structure of the plasmas.
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